Objectives
The central goal of this research project has been the development of numerical methods for the analysis and numerical simulation of the failure of solids and structures of interest to the Air Force mission. The consideration of the dynamic range, including dynamic fracture and failure, has been one of the main focuses. A key goal is the development of new enhanced finite element methods that incorporate the discontinuous solutions characteristic of the failure of solids and structures, extending our previous efforts in this area. The discontinuities propagate independently of the underlying finite element mesh used in the approximation of the bulk response of the solid through the proper local finite element enhancements, thus leading to an efficient resolution of the failure and fracture of the solid. The completely local nature of these considerations is accomplished through a multi-scale treatment of the problem at hand, this being the main difference with other approaches that can be found in the current literature, avoiding in this way the prohibitive cost of these techniques based on a more global type enrichment as well as allowing an easy incorporation of the resulting methods in existing finite element codes. The key issue is the stable and accurate (locking free) numerical resolution of the kinematics associated with the discontinuities, in both the infinitesimal and finite deformation ranges, plane and three-dimensional settings.
The special characteristics of the dynamic problems being considered, involving for example brittle/ductile failure mode transitions and crack branching, require the formulation of the new methods. In this way, the new finite elements methods need to be able to accommodate crack branching, a common occurrence in the dynamic range and a situation not considered to date in the literature for finite elements with embedded strong discontinuities. In this setting, we have developed a new set of strategies to model crack branching including new finite elements with embedded branching, at the element level itself.
The generalization of the new finite element methods to the three-dimensional range has defined also a clear and challenging goal, arriving at new brick finite elements with embedded strong discontinuities in the infinitesimal range. Similarly, the numerical modeling of localized failures in partially saturated media showed also a clear challenge due to the coupled multi-physics nature of the problem, as it is also being addressed in the project. Furthermore, we have started an exploratory study for the extension of these ideas to the analysis of the failure of other structural/mechanical systems, including the finite element modeling of thin Kirchhoff rods and the constitutive modeling of growth in soft tissues in biomaterials. We can quote, in particular, the successful development of new invariant finite elements for the simulation of thin rods, in both the plane and three-dimensional setting with general underlying curved geometries, as they occur in the modeling of space tethers among other applications. The modeling of failure in these systems is an area of current and future development in our continuing work in the area of computational failure mechanics.
FIGURE 1 Plane finite elements with embedded discontinuities. The discrete strain field of the element is enhanced to include the strain associated to the separation mode shown here. It includes both constant and linear displacement jumps along the discontinuity, resulting in one part of element translating, rotating and stretching in the tangential direction with respect to the other part. These modes involve finite displacements in the finite deformation range, including a finite rotation in terms of the exponential map associated to the degree of freedom ξ 1N .
The improved stability properties of the newly developed integration algorithms are then supported by rigorous mathematical analyses of the discrete dynamical systems that they generate. We also have given a special attention to the actual implementation of the new algorithms in the context of the finite element method. The combination of all these results has led to powerful novel computational tools, with the sound theoretical basis necessary for the analysis of the complex practical problems of interest to the Air Force.
Brief Description of the Accomplishments
The major results accomplished under this project can be summarized as follows.
Plane finite elements with embedded strong discontinuities.
Our starting point is the new finite elements developed in the AFOSR project right preceding the current project and during the transition to the current project, in fact motivating it, successfully extending the formulation and application to dynamic problems. The elements incorporate a linear interpolation of the discontinuity jumps along the discontinuity. The key aspect is the proper enhancement of the strain field in the element. Both the infinitesimal and finite deformations ranges have been considered. The latter geometrical nonlinear case has required a careful consideration so the final formulation is frame indifferent and locking free. In this way, the elements can reproduce fully opened discontinuities (thus avoiding the so-called stress locking) and can accommodate general assumed strain strategies for the avoidance of e.g. volumetric locking in the bulk. Figure 1 represents the main idea behind the formulation of the new elements in the plane case: an element crossed by a discontinuity segment (assumed piece-wise straight in the considered representation) is enhanced with the strain field associated with the separation mode shown in the figure (two translations, one rigid finite rotation and one tangential uniform stretching of the separating part of the element) for linear discontinuity jumps along the discontinuity segment. We have fully developed the use of the new finite elements in the dynamic range, including challenging problems involving ductile/brittle failure mode transitions in ductile solids and dynamic fracture of brittle materials. We refer to [6, 8, 12] † and references therein for complete details of these developments Figure 2 illustrates the performance of the new elements in the modeling of delamination of composite materials (DCB test). A rectangular specimen is pulled symmetrically on opposite sides at one end by imposing the separation displacement, measuring the required force; see Figure 2 .a. The separation associated to the propagating delamination front is modeled as a discontinuity of the displacements in the whole solid. An exponential softening law relating the traction and the displacement jump is considered along the front, with an elastic orthotropic response for the bulk of the specimen. The individual elements crossed by the front are enhanced to resolve this separation. Figure 2 .b show the computed deformation of the specimen at different times for two different mesh in the general nonlinear finite deformation range. We can note the stretching of those elements crossed by the strong discontinuity, leading to that large finite deformation (no magnification of the displacements is used in the figure) . The computed reacting force vs. imposed conjugate displacement is shown in Figure 2 .c for the fine mesh. We have included the results obtained with the finite deformation elements (right) but also the results with finite elements assumed infinitesimal kinematics of small strains (left This example involves quasi-static deformations, with the extension to the dynamic range having been one of the main goals of this project, as noted above. In particular, we have been able to capture successfully with the newly developed methods the failure mode transitions observed in the failure of notched steel specimens under the impact by a rigid projectile; see Figure 3 .a. This transition is characterized by the full propagation through the specimen's width of a shear band originating from the tip of the notch for impact velocities higher than a certain critical value. For velocities below this value, the ductile † The numbering of the references quoted correspond to the list of publications presented in Section 4 of this report, in page 17 slipping mode associated to the shear band changes in the middle of the specimen, developing a brittle crack at an angle. Physically, this transition can be traced to the tensile stress that appear due to waves propagating in the specimen. Remarkably, the new finite elements are able to accurately these complex fields, capturing very well not only the critical transition velocity but also the paths of the propagating shear band and brittle crack angle in the lower velocity. This example has allowed the full validation of the new finite elements, as well as the algorithm developed for the propagation of the discontinuities. Figure 3 illustrates the performance of the new elements formulated this project for the finite deformation range in the modeling of mode transition in dynamic failure. A notched specimen is impacted by a projectile, leading to two different patterns of the propagating shear band for different velocities. See Figure 3 .b for the experimental and computed results at two different impact velocities, below and above the critical value where the britle-ductile mode transition is observed. The bulk of the specimen follows an elastoplastic model (finite strain J 2 theory), with the shear band/crack being propagated based on the loss of ellipticity criterion of the resulting equations. The new elements resolve the shear band as a discontinuity through the newly developed enhancements, without the need of remeshing, following a linear softening cohesive law between tractions and displacement jumps. As observed in the experiments, the computed shear band spans the whole specimen for the large velocity, with the shear band stopping and deflecting as a brittle crack at an angle for the sub-critical velocity, matching again the response observed in the experiments. These results confirm the results obtained with an infinitesimal formulation, and the good performance of this approach in modeling this type of phenomena thanks to the improved numerical interpolations; we refer to [6, 8] for details.
Basic finite element modeling of multiple strong discontinuities.
One of the main features in dynamic fracture is crack branching, with the associated multiple cracks propagating through the solid. This situation motivated us to develop algorithms for multiple strong discontinuities in the finite element context discussed above.
In this way, we started the analysis of crack branching in dynamic fracture by extending the algorithm used for the propagation of the discontinuities in the static range to handle multiple discontinuities. In particular, for plane problems, we developed a propagation algorithm based on the connectivity graph of the underlying finite element mesh. In this setting, the discontinuities are defined by fronts propagating through this graph. The actual propagation through a given finite element is based on a physical condition in terms of the local state of stress and strain (the loss of ellipticity of the governing equations in general). After identifying the elements where this condition is reached, the propagation algorithm considers local geometric considerations. Due to this local character, the newly implemented version with multiple propagating fronts for the different discontinuities has proven to be also very efficient and reliable. In this context, we have considered several basic strategies for the numerical resolution of the actual branching (bifurcation) of the discontinuities. In particular, we have considered first the simple approach of opening additional discontinuity fronts in the elements contiguous to the element where branching has been detected based on the criterion described in the previous item. In the novel considered approach, new fronts start propagating through the mesh connectivity graph as indicated above, with the element where the branching was detected remaining with a single discontinuity. This strategy has proven to give better results (sharper resolution of the different branches) than the existing techniques in the literature based on simple element deletion; see Figure 4 . We refer to [6, 8] for further details. 
FIGURE 6
Finite elements with embedded branching. The discrete strain field of the underlying finite element is enhanced by incorporating the strain field associated to the branching mode, as shown in the figure in the process. We observe how the newly developed numerical methods capture well this phenomenon. The plots include also some of the numerical results reported in the literature for comparison. Some of the newly formed branches develop fully while others stop, depending on the imposed top pulling velocity v o . We can also observe the earlier activation of the branching and the steeper angle of the bifurcating branches for the higher velocity v o , as observed in experiments.
Finite elements with embedded branching.
The aforementioned results in the numerical resolution of crack branching motivated us to develop finite elements that capture the actual branching in their interior. This feature has been accomplished by incorporating once more the associated strain modes to the discrete strain field of the element. We refer to the resulting elements as finite element with embedded branching. The results obtained with these elements indicate that they result in an improved resolution of the branching, leading in particular to richer bifurcating patterns as observed in experiments. Figure 6 illustrates the separation modes considered in this case, with two discontinuities crossing in the element interior. A constant separation jump is considered for each of the branches in the normal direction, leading to a linear tangential displacement in one of the them (the vertical branch in the case illustrated in Figure 6 ) and the corresponding tangential stretching of the separating part of the element. This resulting strain mode, with different components in different parts of the element, is then introduced in the discrete strain field of the underlying element, following the ideas discussed above for a single discontinuity.
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FIGURE 7
Finite element modeling of crack branching. Solutions obtained by the different strategies considered for the branched element for the problem defined in Figure 5 .a and imposed top velocity of v o = 3m/s: element deleting, element with single discontinuity (with the contiguous elements caching the bifurcating branches), and finite elements with embedded branching. Below, comparisons of the computed crack length and crack tip velocity, both measured on the main propagating branch, among these three different approaches and the results presented in the literature The plots include also the computed results not allowing branching, corresponding to the upper limit in crack length and tip velocity. Figure 7 illustrates the results obtained with the resulting new elements for the same problem considered in Figure 5 . We compare the results obtained by th three strategies sketched in Figure 4 , namely, element deletion, single discontinuity with new contiguous fronts and finite elements with embedded branching. The evolution in time of the length and the crack tip velocity is shown for the main crack (top and bottom branches). We have included again the solution with no branching, with the crack reaching the Rayleigh speed of the material, basically maintaining a constant value afterward. The crack slows down, however, before reaching that value with the branching. Of the three strategies, The discrete strain field of the element is enhanced to include the strain associated to the kinematics of the strong discontinuity, including both constant and linear displacement jumps along the discontinuity. This deformation results in one part of element translating, rotating and stretching/shearing in the tangential directions with respect to the other part.
we can observe a more remarked slow down with the new finite elements with embedded branching, being accompanied with the aforementioned richer pattern of branches (some active while others open and stop) as observed in experimental tests. Complete details of these developments have been presented in [7] .
Three-dimensional elements with embedded strong discontinuities.
We have also started in this project the extension of the aforementioned finite elements to the three-dimensional case. We have first developed a new definition of the failure surfaces and the development of an algorithm for its propagation, in contrast to the curves representing these surfaces in the plane case. To this purpose, we have implemented a new locally-based (i.e. at the element level) algorithm that defines the general surfaces in the three-dimensional space as a level set of the solution of a heat-type problem determined by the detected normal to the failure surface, in contrast with a similar tracking algorithm but involving the global solution of such a problem as it has been proposed in the literature. We have also developed new brick finite elements that incorporate the proper separation modes for capturing the cracks and other localized failures of interest. The modes include constant and linear interpolations of the displacement jumps between the two separating parts of the element; see Figure 8 for an illustration of these modes. problem of the three-point bending test of a concrete beam. As depicted in Figure 9 .a, a notched beam is loaded by an imposed transversal displacement at the top center while simply supported at both ends. The material model is linear elastic up to the concrete's tensile strength followed a localized softening cohesive law along the propagating crack. A power law with damage is considered. Figure 9 .b shows the deformed configuration computed with a mesh of 6, 048 brick elements (fine unstructured mesh). The zoom in this figure shows details of the elements with active enhancement capturing the propagating crack. Note that the path of the propagating crack is not predetermined in the mesh. Figures 9 .c depicts the distribution of the stress σ 11 (normal stress along the direction of the axis of the beam) for a mesh with 1, 632 brick elements (coarse unstructured mesh), showing the tensile head that propagates the crack and the release of the stresses by the discontinuity. This release results in the softening response of the beam as shown in Figure  9 .d depicting the computed reacting force with the imposed displacement. We can observe the stress locking obtained with elements based on a piece-wise constant interpolation of the displacement jumps (dashed lines), leading even to a hardening response not allowing the full release of the stresses along the crack. This situation is to be contrasted with the solutions computed with the new brick finite elements with linear jumps, obtaining the expected full release of those stresses and matching well also the experimental results.
Preliminary results along these lines have been presented in [4] . We are currently preparing a full set of publications presenting these results. Current and future work also include the consideration of the finite deformation range, including the consideration of finite strain plasticity as discussed above for plane problems.
Strong discontinuities in partially saturated media at failure.
We have characterized strong discontinuities in partially saturated media to model the localized failure of these systems, like dilatant shear layers. The main challenge has been the consideration of the mass flows of the different fluid phases in the porous solid, typically water and gas. In this setting, the strong discontinuities involve not only discontinuous displacements but also discontinuous fluids flow vector fields, leading to singular distributions of the fluid contents (fluid accumulation and drainage along the failure surface) while the fluid pressures and saturation degrees remain continuous. The main idea that has allowed the success of the proposed approach has been the multi-scale treatment of the problem, capturing in particular the kinematics of the strong discontinuities and the resulting local fluid flows in the small scales. These considerations apply not only to the theoretical formulation but also to the development of new finite elements incorporating the singular fields through the proper enhancement of the discrete strain and flow vectors. The case of partially saturated poro-plasticity in the infinitesimal range has been considered to date. showing the geometry and boundary conditions considered in the problem. It involves an initially fully saturated medium around the tunnel under plane strain conditions, with half the domain considered due to the symmetry in the problem. The loading is defined by the gradual release of the mechanical tractions and pore pressures around the tunnel cavity, simulating the effects of the excavation. Figures 10.b and 10 .c show some details of the computed solution. In particular, we can see the distribution of the capillary pressure (difference between the water and gas pressures) at failure. The concentration along the computed failure surface is to be noted. This surface can be more clearly seen in Figure  10 .c., where we have highlighted the elements with active enhanced modes modeling the strong discontinuity in a detail plot of the finite element mesh around the tunnel. The computed solution agrees well with the observed patterns in actual field and experimental measurements. Figures 10.d and 10 .e compare the solutions obtained with two different meshes, the fine mesh shown in Figure 10 .b with 2, 838 finite elements and a coarser mesh of 1, 414 elements. They depict the evolution of the pore pressure at the shown point close to the tunnel and the distribution of the vertical displacement at the open ground surface (subsidence). The good agreement between the two meshes shows in particular the mesh-size independence (also known as objectivity) of the proposed formulation to capture these localized failures, that is, the correct resolution of the localized failure mechanisms associated to the failure surface. We refer to [3, 9] for complete details.
Other developments.
We have also developed new finite elements for the modeling of thin Kirchhoff rods. The focus so far has been in the formulation of a new invariant interpolation of the rod's generalized displacements based on Hermitian shape functions given the C 1 continuity requirements of the kinematics of such a rod. The invariance of the newly proposed formulation is to be contrasted with approaches available in the literature for curved elements not preserving the rigid-body modes of the underlying physical theory (and hence leading to finite elements not satisfying the basic equilibrium relations between nodal forces and moments). We have presented these developments in [1, 2] . The infinitesimal range has been considered so far, including the torsion of the rod in the three-dimensional range. Extensions currently under development include the nonlinear finite deformation range and the considerations of rods at failure through softening hinges in the framework of strong discontinuities.
Other explored areas with direct results in submitted papers include the formulation of a new constitutive model for growth in soft tissues, in a treatment based on a multiplicative decomposition similar to the inelastic models for failure considered in this project. These results have been presented in [5, 13, 14] . Besides, the papers [10, 11] on energy-momentum numerical integration in nonlinear dynamics of elastoplastic solids were prepared during this project, based on our previous work with AFOSR.
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